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INTRODUCTION MODEL THERMAL HISTORIES SUMMARY AND OUTLOOK

MOTIVATIONS

To learn more about the cosmological imprints of electroweak symmetry
(SU(2)L × U(1)Y).

In SM, EW symmetry is restored around 160 GeV. (D′Onofrio etc., 1508.07161)
Intimate relationship between EW symmetry and baryon asymmetry of the
universe (BAU).

U(1)B and U(1)L are anomalous symmetry in SM

∂µjµB = ∂µjµL =
Nf

32π2

(
g2WW̃ − g′2YỸ

)

Γ = 4πf (λ/g2)gT4ξ7 exp

(
−

4πB
g
ξ

)
, if vh 6= 0

Γ = k (αW T)4 , if vh = 0
ξ ≡ vh(T)/T

If ξ(Tc) > 1, then nB,now/nB(Tc) > 10−5 . (Quiros,hep-ph/9901312)
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INTRODUCTION MODEL THERMAL HISTORIES SUMMARY AND OUTLOOK

EWSNR VIA NEW SCALARS

In some models, Electroweak symmetry was always broken (SNR) or only temporary
restored (TR).

1. SM + singlet scalar si with O(Ns) global symmetry (Meade &
Ramani,1807.07578):

V = VSM +
1
2
µ2

s (sisi) +
1
4
λs(sisi)

2 +
1
2
λhsh2(sisi)

∂2V th
1

∂h2

∣∣∣
h=0

= T2
(

3
16

g2 +
1
16

g′2 +
1
4
λ2

t +
1
2
λ+

Ns

12
λhs

)

2. SM + Inert Higgs Doublet + singlet scalar(O(Ns)) (Carena et al.,2104.00638)

3. 2HDM + real singlet scalar (Heinemeyer et at.,2103.12707)

Is it possible to achive SNR or TR for EW symmetry by adding new fermions to SM?
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INTRODUCTION MODEL THERMAL HISTORIES SUMMARY AND OUTLOOK

EWSNR VIA NEW FERMIONS

In high temperature limit (i.e. when m2
i � T2) , (Matsedonskyi,Servant, 2002.05174)

∂2V th
1,F

∂h2

∣∣∣
h=0

=
∑

i

T2 nF

48
∂2m2

i

∂h2 = T2 nF

48
∂2

∂h2

∑
i

m2
i

= T2 nF

48
∂2

∂h2 Tr
(

M†f Mf

)
= T2 nF

48
∂2

∂h2

∑
i,j

|Mij|2

In renormalizable models, Mij = a0 + a1h, hence
∂2V th

1,F

∂h2

∣∣∣
h=0
≥ 0. Thus, it is

impossible to achieve EWSNR by adding only new fermions.

 But what if some of the new fermions have m2(T)� T2?
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INTRODUCTION MODEL THERMAL HISTORIES SUMMARY AND OUTLOOK

SINGLET-DOUBLET FERMIONS
+ REAL SCALAR SINGLET

Li
L,R =

[
N i

Ei

]
L,R

∼ (1, 2)− 1
2
, N′iL,R ∼ (1, 1)0 ,

E′iL,R ∼ (1, 1)−1

Li
yuk = −yi

NN′1Li
Lφ̃N′iR − yi

NN′2N′iL φ̃
†Li

R

−yi
EE′1Li

LφE′iR − yi
EE′2E′iLφ

†Li
R

−mLi(σ)Li
LLi

R − mN′i(σ)N′iL N′iR

−mE′i(σ)E′iL E′iR + h.c.
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INTRODUCTION MODEL THERMAL HISTORIES SUMMARY AND OUTLOOK

Li
yuk = −yi

NN′1Li
Lφ̃N′iR − yi

NN′2N′iL φ̃
†Li

R − yi
EE′1Li

LφE′iR − yi
EE′2E′iLφ

†Li
R

−mLi(σ)Li
LLi

R − mN′i(σ)N′iL N′iR − mE′i(σ)E′iL E′iR + h.c.

In UV-complete models, mX (X = N′,E′, L) can be parameterized as

mX(σ) = mX0 + yXσ .

vσ(T) =

{
b0 , if T < T1

b0 + b1(T − T1)
n1 + b2(T − T2)

n2 , if T1 ≤ T ≤ T2 .
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INTRODUCTION MODEL THERMAL HISTORIES SUMMARY AND OUTLOOK

When m2
L � m2

N′ , m2
E′ ,

1
2
|yNN′1yNN′2|h2, the mass eigenvalues are

m2
N1 ≈ m2

N′ −
mN′ Re(yNN′1yNN′2)

mL
h2 ,

m2
N2 ≈ m2

L ,

and similarly for mE1, mE2.

∂2V th
1

∂h2

∣∣∣
h=0

= −ahT2

where

ah =
NF

6mL
(mN′yNN′1yNN′2 + mE′yEE′1yEE′2)

−
(

3
16

g2 +
1
16

g′2 +
1
4

y2
t +

1
2
λh

)
.

In parameter space where ah > 0, EW symmetry remains broken at high temperature.
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INTRODUCTION MODEL THERMAL HISTORIES SUMMARY AND OUTLOOK

THERMAL HISTORIES
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Thermal history in which the electroweak
symmetry is only temporarily restored.
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INTRODUCTION MODEL THERMAL HISTORIES SUMMARY AND OUTLOOK

THERMAL HISTORIES

n=3/2

n=2/3

n1=2/3, n2=3/2

n=1

vσ=1000TeV
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Temperature-dependent Higgs vev for benchmarks with different vσ functional form.

vσ(T) =

{
b0 , if T < T1

b0 + b1(T − T1)
n1 + b2(T − T2)

n2 , if T1 ≤ T ≤ T2 .
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INTRODUCTION MODEL THERMAL HISTORIES SUMMARY AND OUTLOOK

GRAVITATIONAL WAVE SIGNALS
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The gravitational wave spectrum of benchmarks B1 (left panel), B2 (right panel), and the noise spectrum of

the Big Bang Observer(BBO) and DECi-hertz Interferometer Gravitational wave Observatory(DECIGO).
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INTRODUCTION MODEL THERMAL HISTORIES SUMMARY AND OUTLOOK

PEAK-INTEGRATED SENSITIVITY CURVES (PISC)
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PISC for several future gravitational wave observatories (Schmitz, 2002.04615). The points are some
benchmarks (see the next slide for details). The x-coordinate of each benchmark is its peak frequencies,
y-coordinate is its peak GW strength.

ρSNR =

√
tobs

1y
Ωpeak

signal

ΩPIS
detector
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INTRODUCTION MODEL THERMAL HISTORIES SUMMARY AND OUTLOOK

BENCHMARKS

B1 B2 B3
NF 60 60 55

yNN′i = yEE′i 0.15 0.2 0.2
yN′ 0.0015 0.0015 0.0015
yL 0.003 0.003 0.003

mN1(GeV) 150 150 150
λ2 4× 10−4 4× 10−4 4× 10−4

n 6/7 6/7 6/7
nL 2.4 2.4 2.4

T2(GeV) 1000 1000 2.3× 104

Tc(GeV) 1800 2444 3.7× 104

Tn(GeV) 724.5 1877 2.5× 104

α 0.016 0.028 0.029
β/H(Tn) 447 1700 1065
fpeak(Hz) 0.13 1.3 10.3

h2Ωpeak
GW 3.3× 10−14 6.1× 10−14 7.1× 10−14

bn = T1−n
2 nL/yL
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INTRODUCTION MODEL THERMAL HISTORIES SUMMARY AND OUTLOOK

SUMMARY AND OUTLOOK

EWSNR can be induced by new fermions from renormalizable models.

Intriguing cosmological implications: origin of matter-antimatter asymmetry
(e.g. high-temperature EWBG), gravitational wave signatures.
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BACKUP SLIDES

FINITE TEMPERATURE QFT

(Quiros,hep-ph/9901312)

ρ =
1
N

exp
{
− β

(
H +

∑
A

µAQA

)}
N = Tr exp

{
− β

(
H +

∑
A

µAQA

)}
, β = 1/T

φ(x) = eitHφ(0,~x)e−itH ,G(C)(x1, ..., x2) ≡ 〈TCφ(x1)...φ(xn)〉
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BACKUP SLIDES

EFFECTIVE POTENTIAL

Effective potential

Veff = V0 +
∑

i

(
VCW

i + V th
1,i + V th

ring,i

)
Tree-level potential:

V0 = V0(Φ1,Φ2) + V0(σ, ρ) +Ṽ0

V0(Φ1,Φ2) = −µ2
1Φ
†
1Φ1 + λ1

(
Φ†1Φ1

)2
− µ2

2Φ
†
2Φ2 + λ2

(
Φ†2Φ2

)2

Ṽ0 = λ3(Φ
†
1Φ1)(Φ

†
2Φ2) + λ4(Φ

†
1Φ2)(Φ

†
2Φ1)

+

2∑
i=1

(
1
2
λσΦiσ

2(Φ†i Φi) +
1
2
λρΦi (ρjρj)(Φ

†
i Φi)

)
V0(σ, ρ) =− 1

2
µ2
σσ

2 +
1
4
λσσ

4

− 1
2
µ2
ρρiρi +

1
4
λρ (ρiρi)

2 +
1
4
λσρσ

2ρiρi
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BACKUP SLIDES

(Please see hep-ph/9901312 for more details.)

Coleman-Weinberg potential (for i-th particle)

VCW
i = (−1)ai ni

m4
i

64π2

[
log
(

m2
i

µ2

)
− ci

]
One-loop thermal potential (for i-th particle)

V th
1,i = (−1)ai ni

T4

2π2 JB/F

(
m2

i

T2

)
JB/F(y2) =

∫ ∞
0

dx x2log
[
1∓ exp

(
−
√

x2 + y2
)]

Daisy contribution (for i-th particle)

V th
ring,i = ni

T4

12π

[(
m2

i

T2

)3/2

−
(
M2

i

T2

)3/2
]
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BACKUP SLIDES

THERMAL CORRECTIONS BEYOND ONE LOOP

V th
1 (φ, T) =

∑
i

niT
2

∞∑
−∞

∫
d3~k2

(2π)3 log
[
~k2 + ω2

n + m2
i (φ)

]
=
∑

i

(−1)ai ni
T4

2π2 JB/F

(
m2

i

T2

)
V th

ring(φ, T) =
∑

i

n̄iT
12π

[
m3

i (φ)−M3
i (φ, T)

]
ωn = 2nπT (bosons), (2n + 1)πT (fermions)
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BACKUP SLIDES

M2
i (φ, T) = m2

i (φ) + Πi(φ, T) (except i = ZL, γL).

Truncated Full Dressing Method:
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Optimized Partial Dressing Method:

19/13



BACKUP SLIDES

DAISY AND SUPER-DAISY CONTRIBUTIONS TO THERMAL MASS

Curtin, Meade & Ramani, arXiv:1612.00466
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BACKUP SLIDES

Veff IN SM

Branchina, Messina & Sher, arXiv:1408.5302
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STABILITY OF Veff IN SM AND SINGLET-DOUBLET MODEL

Cheng & Liao, arXiv:1909.11941
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METASTABLE VACUUM VS TRUE VACUUM

Markkanen, Rajantie & Stopyra, arXiv:1809.06923
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In SM:
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BACKUP SLIDES

arXiv:1709.05659
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BACKUP SLIDES

SLOWLY-ROLLING SCALARS

Iso, Kohri & Shimada, arXiv:1511.05923
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BACKUP SLIDES

SINGLET-DOUBLET MODEL

LL,R =

[
N
E

]
L,R

∼ (1, 2)− 1
2
, N′L,R ∼ (1, 1)0

Li
mass = −y1LLφ̃N′R − y2N′Lφ̃

†LR − mLLLLR − mN′N′LN′R + h.c.

= −FLMFR

FL,R =

N′

N
E

 , M =

 mN′ mNN′2 0
mNN′1 mL 0

0 0 mL

 , mNN′i = yih/
√

2,

φ =

[
G+

(h + iG0)/
√

2

]
, φ̃ = iσ2φ

∗.
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BACKUP SLIDES

The mass matrix can be diagonalized by biunitary transformation. The physical
masses are mL,mN1,mN2.

m2
N1 =

1
2

(
A2

N −
√

(A2
N)

2 − 4 (∆2
N)

2
)

m2
N2 =

1
2

(
A2

N +

√
(A2

N)
2 − 4 (∆2

N)
2
)

where

A2
N = |mNN′1|2 + |mNN′2|2 + |mN′ |2 + |mL|2

∆2
N = |mLmN′ − mNN′1mNN′2|

∂2V th
1,F

∂h2

∣∣∣
h=0

=
T2

12
∂2

∂h2

∑
N1,N2,L

m2
i > 0
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BACKUP SLIDES

When m2
L � m2

N′ ,
1
2
|y1y2|h2, T2,

m2
N1 ≈ m2

N′ −
mN′ Re(y1y2)

mL
h2, m2

N2 ≈ m2
L +

mN′ Re(y1y2)

mL
h2

∂2V th
1,F

∂h2

∣∣∣
h=0

=
T2

12
∂2

∂h2 m2
N1 = −T2

6
mN′ Re(y1y2)

mL

Thus,
∂2V th

1,F

∂h2

∣∣∣
h=0

< 0 is possible by choosing Re(y1y2) > 0.

m2
L >> T2 is possible if new fermions gain their masses through some dynamical

mechanism.
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MODEL I: SINGLET-DOUBLET FERMIONS
+ REAL SCALAR SINGLET + SCALAR SINGLET WITH O(Nρ)

Li
L,R =

[
N i

Ei

]
L,R

∼ (1, 2)− 1
2
, N′iL,R ∼ (1, 1)0, E′iL,R ∼ (1, 1)−1

L = LSM +

NF∑
i=1

(
Li

kin(L,N′,E′) + Li
yuk
)

+ Lkin(σ, ρ)− V0(σ, ρ)

Li
yuk =− yi

NN′1Li
Lφ̃N′iR − yi

NN′2N′iL φ̃
†Li

R − yi
EE′1Li

LφE′iR − yi
EE′2E′iLφ

†Li
R

− yi
LσLi

LLi
R − yi

N′σN′iL N′iR − yi
E′σE′iL E′iR + h.c.

V0(σ, ρ) =− 1
2
µ2
σσ

2 +
1
4
λσσ

4

− 1
2
µ2
ρρiρi +

1
4
λρ (ρiρi)

2 +
1
4
λσρσ

2ρiρi

30/13
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The physical masses (for each copy of new fermions) are:

m2
N1 =

1
2

(
A2

N −
√

(A2
N)

2 − 4 (∆2
N)

2
)

m2
N2 =

1
2

(
A2

N +

√
(A2

N)
2 − 4 (∆2

N)
2
)

where

A2
N = |mNN′1|2 + |mNN′2|2 + |mN′ |2 + |mL|2

∆2
N = |mLmN′ − mNN′1mNN′2|

mNN′i =
1√
2

yNN′ih, (i = 1, 2)

mx = yxσ, (x = L,N′,E′)

mE1, mE2 are same as equations above, except N → E.
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At high T, when (yLvσ)2 � T2,

∂2
h V th

1 (h = 0, vσ) = −ahT2 ,

ah =
NF

6yL
(yN′yNN′1yNN′2 + yE′yEE′1yEE′2)

−
(

3
16

g2 +
1

16
g′2 +

1
4

y2
t +

1
2
λh

)
.

When
NF

6yL
(yN′yNN′1yNN′2 + yE′yEE′1yEE′2) is large enough, the negative

contribution outweigh the usual positive contributions from SM particles, thus
∂2

h Veff (h = 0, vσ) < 0, and vh 6= 0 at high T.
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∂2
σV th

1 (h = 0, σ = 0) = −aσT2 ,

aσ = −Nρ
24
λσρ −

1
4
λσ −

NF

6

(
2y2

L + y2
N′ + y2

E′

)
.

To satisfy (yLvσ)2 � T2, we need large enough vσ at high T too.

aσ > 0 guarantees that vσ 6= 0 at high T. Although this condition is neither
sufficient nor necessary, it helps us to obtain the correct benchmarks.

λσρ < 0 and sufficiently large Nρ|λσρ| are required to satisfy aσ > 0.
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MODEL II: SINGLET-DOUBLET FERMIONS
+ REAL SCALAR SINGLET + INERT HIGGS DOUBLET

V0 = V0(Φ1,Φ2) + V0(σ, ρ) +Ṽ0

V0(Φ1,Φ2) = −µ2
1Φ
†
1Φ1 + λ1

(
Φ†1Φ1

)2
− µ2

2Φ
†
2Φ2 + λ2

(
Φ†2Φ2

)2

Ṽ0 = λ3(Φ
†
1Φ1)(Φ

†
2Φ2) + λ4(Φ

†
1Φ2)(Φ

†
2Φ1)

+
2∑

i=1

(
1
2
λσΦiσ

2(Φ†i Φi) +
1
2
λρΦi (ρjρj)(Φ

†
i Φi)

)
Li

yuk =− yi
NN′1Li

LΦ̃2N′iR − yi
NN′2N′iL Φ̃2

†
Li

R − yi
EE′1Li

LΦ2E′iR − yi
EE′2E′iL Φ†2 Li

R

− yi
LσLi

LLi
R − yi

N′σN′iL N′iR − yi
E′σE′iL E′iR + h.c.

ah =
NF

6yL
(yN′yNN′1yNN′2 + yE′yEE′1yEE′2)

−
(

3
16

g2 +
1
16

g′2 +
1
2
λ2

)
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THERMAL HISTORIES

B1: NF=9, yL=0.01, yN '=0.005, y1=0.5, Nρ=7500,

mN1=mE1=500GeV, mρ=500GeV, mh2=1TeV. vh/T=0.88

B2: mN1=mE1=5GeV, mρ=5GeV, mh2=10GeV. vh/T=0.88

B3: NF=4, y1=1.5, Nρ=3300. v/T=0.87

B4: NF=45, Nρ=37500. v/T=2.4

50 100 150 200 250 300 350 400

20

120

220

320

420

T [GeV]

v
h
(T
)
[G

e
V
]

Lower temperature limits of temporary-restored
phases.

B1,B3,B4 have the same lower
temperature limits of
temporary-restored phases because
SM-like Higgs does not couple
with new fermions and and new
scalars at tree-level.
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THERMAL HISTORIES

B1: NF=9, yL=0.01, yN '=0.005, y1=0.5, Nρ=7500,

mN1=mE1=500GeV, mρ=500GeV, mh2=1TeV. vh/T=0.88

B2: mN1=mE1=5GeV, mρ=5GeV, mh2=10GeV. vh/T=0.88

B3: NF=4, y1=1.5, Nρ=3300. v/T=0.87

B4: NF=45, Nρ=37500. v/T=2.4
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Upper temperature limits of temporary-restored
phases.

The value vh/T of at high T
depends on ah.

The length of temporary-restored
phase depends on the masses of
new fermions and new scalars (at
T = 0), Nρλρ, and ah.
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∂2
h Veff (h = 0, vσ) ≈ −ahT2 ,

ah =
NF

6yL
(yN′yNN′1yNN′2 + yE′yEE′1yEE′2)−

(
3

16
g2 +

1
16

g′2 +
1
2
λ2

)
.
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BARYOGENESIS MECHANISMS

There are more!

Shaposhnikov, doi:10.1088/1742-6596/171/1/012005
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RGES AND STABILITY OF Veff

(4π)2 dλ2

dt
= 24λ2

2 +
3
8

(
2g4

2 +
(

g2
2 + g′2

)2
)
−

(
9g2

2 + 3g′2
)
λ2

+ 2λ2
3 + 2λ3λ4 + λ2

4 +
Nρ
2
λ2
ρΦ2

+
1
2
λ2
σΦ2

+ 2NF

(
2
(

y2
NN′1 + y2

NN′2 + y2
EE′1 + y2

EE′2

)
λ2 −

(
y4

NN′1 + y4
NN′2 + y4

EE′1 + y4
EE′2

))
(4π)2 dg′

dt
= (7 + 2NF) g′3

(4π)2 dg2

dt
=

(
−3 +

2
3

NF

)
g3

2

(4π)2 dyNN′1

dt
= 2yN′yLyNN′2 + yNN′1

[
3
2

y2
NN′1 −

3
2

y2
EE′1 +

1
2

y2
N′ +

1
2

y2
L

+NF(y2
NN′1 + y2

NN′2 + y2
EE′1 + y2

EE′2)−
9
4

g2
2 −

3
4

g′2
]

(4π)2 dλρ
dt

= 2(Nρ + 8)λ2
ρ +

1
2
λ2
σρ + 2

(
λ2
ρΦ1

+ λ2
ρΦ2

)
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RGES AND STABILITY OF Veff

(4π)2 dλ2

dt
= 24λ2

2 +
3
8

(
2g4

2 +
(

g2
2 + g′2

)2
)
−

(
9g2

2 + 3g′2
)
λ2

+ 2λ2
3 + 2λ3λ4 + λ2

4 +
Nρ
2
λ2
ρΦ2

+
1
2
λ2
σΦ2

+ 2NF

(
2
(

y2
NN′1 + y2

NN′2 + y2
EE′1 + y2

EE′2

)
λ2 −

(
y4

NN′1 + y4
NN′2 + y4

EE′1 + y4
EE′2

))
(4π)2 dg′

dt
= (7 + 2NF) g′3, (4π)2 dgX

dt
= −

1
3

(11NX − 8nF) g3
X

(4π)2 dg2

dt
=

(
−3 +

2
3

NF

)
g3

2

(4π)2 dyNN′1

dt
= 2yN′yLyNN′2 + yNN′1

[
3
2

y2
NN′1 −

3
2

y2
EE′1 +

1
2

y2
N′ +

1
2

y2
L

+NF(y2
NN′1 + y2

NN′2 + y2
EE′1 + y2

EE′2)−
9
4

g2
2 −

3
4

g′2−3
(

NX −
1

NX

)
g2

X

]
(4π)2 dλρ

dt
= 2(Nρ + 8)λ2

ρ +
1
2
λ2
σρ + 2

(
λ2
ρΦ1

+ λ2
ρΦ2

)
(N,N′,E,E′ ARE CHARGED UNDER SU(NX). NF = Nx nF .)
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(4π)2 dλ1

dt
= 24λ2

1 − 6y4
t +

3
8

(
2g4

2 +
(

g2
2 + g′2

)2
)

+
(

12y2
t − 9g2

2 − 3g′2
)
λ1

+ 2λ2
3 + 2λ3λ4 + λ2

4 +
Nρ
2
λ2
ρΦ1 +

1
2
λ2
σΦ1

(4π)2 dg3

dt
= −7g3

3
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B1: nF = 3, Nx = 3.
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B5: nF = 1, Nx = 4.

The effective potential is stable, and the quartic couplings λi stays perturbative over a
large range of energy scales.
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Requiring all couplings stays perturbative up to 1010 GeV implies:

g′ stays perturbative ⇒ NF ≤ 12

λρ stays perturbative ⇒ Nρλρ . 1.5

yLvσ
T

& 4, aσ & 0, λσ ≥
1
λρ

(
λσρ

2

)2

⇒ Nρ &
64
|xmin|

NF

xmin is the minimum of f (x) =
π2

2
x2 + NρλρJB(x). E.g. choosing Nρλρ = 1.5

implies Nρ & 552NF .

λ2 > 0⇒ λ2 & y2
NN′1/2

(assume yNN′1 = yNN′2 = yEE′1 = yEE′2 at T = 0)

yNN′i, yEE′i stays perturbative ⇒
(

NX −
1

NX

)
g2

X &
4
3

NFy2
NN′1
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BENCHMARKS

nF 4 3 3 1
NX 3 3 2 4

yNN′i = yEE′i 0.4 0.5 0.75 1.5
yN′ 0.005 0.005 0.005 0.005
yL′ 0.01 0.01 0.01 0.01

mN1(GeV) 500 500 500 500
Nρ 8500 7500 8500 8500
λσρ −1.2× 10−6 −1.2× 10−6 −1.2× 10−6 −1.2× 10−6

λ2 0.081 0.126 0.28 0.54
mh2(GeV) 1000 1000 1000 1000
mρ(GeV) 500 500 500 500

gX 1 1.1 1.64
√

4π

Nρλρ = 1.5, λσ =
1
λρ

(
λσρ

2

)2
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THERMAL EQUILIBRIUM CONDITIONS

The effective potential at finite temperature above is valid only when N1, σ, ρi

are in thermal equilibrium.

Γ(ρiρi → σσ) & H ⇒ T .
λ2
σρ√
Nρ

MPl

∼ 100 TeV

Γ(N1N1 → σσ) & H ⇒ T .
D1σ

f (mN1/T)

y4
11σ√
Nρ

MPl

∼ 100 TeV

Diσ =
2
π2
κie
−2κi

∫ ∞
0

dy1dy2(y1 + y2
1/(2κi))

1/2
(y2 + y2

2/(2κi))
1/2e−y1 e−y2

∫ 1

−1
d cos θ F(̃s)

F(s) =

(
3s −

25
16

(s − 1/4)−1 −
9
4

)
/(8π)

s̃ = s/(4m2
i ) = 1 + (y1 + y2)/(2κi) + y1y2/(2κ2

i ) − (y1 + y2
1/(2κi))

1/2
(y2 + y2

2/(2κi))
1/2

cos θ/κi

κi = mNi/T
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